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Geometrization of some quantum mehanis formalism
Î. À. Ol'khov*
N.N.Semenov Institute of Chemial Physis, Russian Aademy of Sienes,
Mosow
There were many attempts to geometrize eletromagneti field and find
out new interpretation for quantum mehanis formalism. The distintive
feature of this work is that it ombines geometrization of eletromagneti
field and geometrization of material field within the unique topologial idea.
Aording to the suggested topologial interpretation, the Dira equations
for a free partile and for a hydrogen atom prove to be the grouptheoretial
relations that aount for the symmetry properties of loalized mirosopi
deviations of the spaetime geometry from the pseudoeulidean one (losed
topologial 4-manifolds). These equations happen to be written in universal
overing spaes of the above manifolds. It is shown that "long derivatives"in
Dira equation for a hydrogen atom an be onsidered as ovariant deriva-
tives of spinors in the Weyl noneulidean 4-spae and that eletromagneti
potentials an be onsidered as onnetivities in this spae. The gauge in-
variane of eletromagneti field proves to be a natural onsequene of the
basi priniples of the proposed geometrial interpretation. Within the sug-
gested onept, atoms have no inside any point-like partiles (eletrons) and
this an give an opportunity to overome the diffiulties of atomi physis
onneted with the many-body problem.
There were many attempts to geometrize eletromagneti field and find
out new interpretation of quantum mehanis formalism. The distintive
feature of this work is that it ombines geometrization of eletromagneti
field and geometrization of material field within the unique topologial idea.
Some preliminary results were published earlier [1-3℄.
1
1. Geometrization of the Dira equation for a free partile
This equation has the form [4℄,
iγµ∂µψ = mψ, (1)
where ∂µ = ∂/∂xµ, µ = 1, 2, 3, 4, γµ are the Dira matries, ψ(x) is the
Dira bispinor, x1 = t, x2 = x, x3 = y, and x4 = z. There is summation
over repeating indies with a signature (1,−1,−1,−1). Here, h¯ = c = 1. The
solution to Eq.(1) has the form of a plane wave
ψ = ψp exp(−ipµxµ), (2)
where the 4-momentum pµ satisfies the relation
p2
1
− p2
2
− p2
3
− p2
4
= m2. (3)
It is be helpful to rewrite Eq.(1) in the form
(l−1
1
γ1T1 − l
−1
2
γ2T2 − l
−1
3
γ3T3 − l
−1
4
γ4T4)ψ = l
−1
m ψ, (4)
where operators Tµ(µ = 1, 2, 3, 4) have the form
Tµ = i(2pi)
−1lµ∂µ, lµ = 2pip
−1
µ , lm = 2pim
−1. (5)
We rewrite solution (2) as
ψ = ψp exp(−2piix1l
−1
1
+ 2piix2l
−1
2
+ 2piix3l
−1
3
+ 2piix4l
−1
4
). (6)
We also rewrite the relation (3) as
l−2
1
− l−2
2
− l−2
3
− l−2
4
= l−2m . (7)
Note that all quantities in Eqs (47) has the dimensionality of length.
Operators Tµ in Eq.(5) and funtions ψ(x) in Eq.(6) are related by the
following equation.
ψ
′
(x
′
µ) ≡ Tµψ(x
′
µ) = ψ(xµ), x
′
µ = xµ + lµ. (8)
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Within the group theory, relation (8) means that Tµ is the operator repre-
sentation of a disrete group of parallel translations along xµ axis with the
generator lµ. Relation (8) means also that the funtion ψ(x) is a basi vetor
of this representation [5℄.
In addition, being a four-omponent spinor, ψ(x) is related to the four-
row Dira matries γµ by the equations [6℄
ψ
′
(x
′
) = γµψ(x), (9)
where x ≡ (x1, x2, x3, x4), x
′
≡ (x1,−x2,−x3,−x4) for µ = 1, and x
′
≡
(−x1, x2,−x3,−x4) for µ = 2, and so on. Within the group theory, Eqs.(9)
mean that the matries γµ are a matrix representation of the group of re-
fletions along three axes perpendiular to the xµ axis. Relation (9) means
also that the funtion ψ(x) is a basi vetor of the above symmetry-group
representation.
A parallel translation with simultaneous refletion in the diretion per-
pendiular to the translation is often spoken of as "sliding symmetry"[7℄.
Thus, we see that the operators
Pµ = γµTµ (10)
form the representations of sliding symmetry group (sliding symmetries in
the 0xµ diretions). Using the above notation, we an rewrite Eq.(1) as
l−1µ Pµψ = l
−1
m ψ, (11)
where, as we established before, solution (2) to this equation is a basi vetor
of the above sliding symmetry group representation.
The Dira bispinor (being or not being a solution of some physial
equation) is a speial tensor that realizes one of the possible representations
of the Lorentz group (qroup of 4-rotations in the Minkovskii spae-time).
We see, however, that the Dira bispinor ψ(x), being the solution (2) of
Eq.(1), realizes also a representation of some additional symmetry group in
the Minkovskii spaethe sliding symmetry group. The physial Minkovskii
3
spae-time has no sliding symmetry. So, we suggest that Eq.(1) is, in fat,
written not in the physial 4-spae but in the auxiliary pseudoeulidean 4-
spae with the disrete sliding symmetryuniversal overing spae of a losed
topologial spae-time 4-manifold. Suh auxiliary spaes are used in topolo-
gy for the mathematial desription of manifolds beause the disrete group
operating in universal overing spaes oinide with the so-alled fundamen-
tal group of losed manifolds. The fundamental group is a group of different
lasses of losed paths starting and ending at the same point of a manifold,
and this group is one of the important topologial harateristis of manifolds
[8℄.
Thus, our suggestion is that the "disovered"sliding symmetries along
the four axes are symmetries of a four-dimensional universal overing spae
of a losed spaetime manifold. It means that the fundamental group of this
manifold is a group of four sliding symmetries. These four sliding symmetries
orrespond to four possible lasses of losed paths. The Dira equation (1) is
supposed to be written in the above manifold overing spae, and Eq.(11) has
to be onsidered as the group-theoretial relation that leads to the restrition
(7) for the four possible values of lµ (lµ is a length of the oriented losed path
for one of the four possible lasses). Above manifold looks formally like a two-
dimensional Klein bootlenonorientable manifold whose fundamental group
is generated by two sliding symmetries on the eulidean universal overing
plane [7℄.)
Thus, our hypothesis is that the Dira Eq.(1) desribes a spae-time
losed 4-manifold and it would appear reasonable to identify this manifold
with a quantum partile desribing by the same equation. Being spatially
bounded in the eulidean 3-spae, the above losed 4-manifold extends along
t-axis from t = −∞ to t = +∞ in the pseudoeulidean Minkovskii spae
(for example, a losed irle in the two-dimensional pseudueulidean spae
looks like an equilateral hyperbola on the eulidean plane). Closed topologial
manifold has no definite geometrial shape and its harateristi size in our
ase is of the order lm = h¯/mc ∼ 10
−11cm if m is the eletron mass. This
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partile ould be imagined as a some kind of neutrinos (majoran's or dira's
neutrinos) or as a some kind of unknown neutral fermions that have only
gravitational harge m.
If the topologial onept suggested in this work is true, then it will lead
to total modifiation of the quantum mehanis traditional interpretation.
Within the suggested geometrial approah, there is no plae for any lassial
mehanis notions: for example, 4-momentum omponents pµ are replaed,
aording to (5), by the inverse of length parameters 2pil−1 and so on. On
the other hand, there are no hidden parameters in the above onept (the
presene of suh parameters is usually onsidered as the objetion against any
possible new interpretation of the quantum mehanis formalism [9,10℄). At
this stage, the suggested interpretation of the Dira equation (1) is no more
than "kinemati"hypothesis. To be the truth, it should be verified within
dynami problems and in the next setion we start with the simplest dynami
problem when the interation is the interation with a given stati field.
2. Geometrization of a hydrogen atom
Let us onsider an eletron interating with a given eletromagneti
field in hydrogen atom.We neglet the hyperfine struture effets, after whih
the Dira equation takes the form [4℄
iγµ(∂µ − ieAµ)ψ = mψ. (12)
Here e è m are the harge and mass of an eletron, respetively A2 = A3 =
A4 = 0, A1 = −e/r. Let us show that Eq.(12) an be also onsidered as a
relation written in some noneulidean universal overing spae of a losed
topologial 4-manifold.
First of all, it was shown by Weyl that the expression in (12)
(∂µ − ieAµ) (13)
an be onsidered as a ovariant derivative of a tensor field in the speial
noneulidean spae (Weyl spae) and that ieAµ an be onsidered as a on-
netivity of this spae [11℄. This result was generalized for Dira bispinors
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ψ(x) by Fok, who showed that the expression
(∂µ − ieAµ)ψ (13)
an be onsidered as a ovariant derivative of ψ(x) in a speial ase of the
Weyl spae ("planar"Weyl spae) [12℄. Therefore, we an onsider Eq.(12)
as a differential relationship written in the Weyl spae, where ieAµ play the
role of this spae onnetivities.
Sine the above results play a key role let us disuss the planar Weyl
spae properties in more detail. This spae geometry is speified by linear
and quadrati forms [9℄
ds2 = gikdxidxk = λ(x)(dx
2
1
− dx2
2
− dx2
3
− dx2
4
), (14)
dϕ = ϕµdxµ, (15),
where λ(x)is an arbitrary differentiable positive funtion of oordinates xµ.
This spae is invariant with respet to the sale (or gauge) transformations
g
′
ik = λgik, ϕ
′
i = ϕi −
∂ lnλ
∂xi
. (16)
Therefore, a single-valued, invariant sense has not ϕi but the quantity (sale
urvature)
Fik =
∂ϕi
∂xk
−
∂ϕk
∂xi
. (17)
The antisymmetri propriety of the tensor Fik leads to the equations that
are analogous to the first pair of Maxwell's equations
∂iFkl + ∂kFli + ∂lFik = 0.
This analogy and the gauge invariane of ϕi (like the gauge invariane
of eletromagneti potentials) lead Weyl to the natural idea that vetors ϕi
an be identified with the eletromagneti potentials and that tensor Fik an
be identified with the tensor of eletromagneti field strengths
ϕµ ≡ ieAµ, A
′
µ = Aµ − ∂µχ, χ = ie lnλ. (18)
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Then (like in general relativity), Weyl attempted to identify the geometry
of his spae (urvature and so on) with the geometry of a real spae-time
distorted by the presene of eletromagneti field [9℄. But this hypothesis was
ontraditory to some observable proprieties of the real physial spae-time
(it was shown by Einstein in the supplement to the Weyl publiation [9℄),
and the Weyl's results were afterwards onsidered as methodial ones. In
ontrast to Weyl, we propose that ovariant derivative (13) is written not
in the real spae-time but in the auxiliary spae universal overing spae
of a topologial manifold. So, there are no objetions against the Weyl spae
within our onsideration. It means that we an suggest that expression (13)
is a ovariant derivative written in the Weyl, spae and the 4-potentials ieAµ
play the role of onnetivities in this spae.
Now (by analogy with the onsideration in Setion 1), we suppose that
the above-mentioned Weyl spae is a universal overing spae of some 4-
manifold that represents a hydrogen atom. The distintive feature of any
universal overing spae is the presene of a disrete group operating in this
spae (isomorphi with the manifold fundamental group)[8℄. As for the equa-
tion for a free partile, this propriety follows from the symmetry proprieties
of solutions to Eq.(12). For the atomi stationary state, the wave funtion
has an exponential fator
exp(−iEt) = exp(−l−1
1
x1), x1 = ct, l1 = h¯c/E.
It means that the sliding symmetry (onsidered in Setion 1) ours now
only along the x1 axis. The translational symmetries along spae axes are
replaed by the symmetries of the rotation group.
Thus, Eq.(12) an be interpreted as relation desribing symmetry prop-
erties of a losed topologial 4-manifold. This differential relation is written in
the universal overing spae of this manifold, and this spae is a noneulidean
Weyl spae. The Coulomb potential A1(xµ) plays the role of this spae on-
netivity and the tensor of eletri and magneti fields Fik(xµ) plays the role
of this spae urvature tensor.
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In losing of this Setion, we notie that the gauge invariane of ele-
tromagneti field in the hydrogen atom is a diret onsequene of a gauge
invariane of the Weil spae that is onsidered here as the manifold universal
overing spae. Thus, the gauge invariane idea treats in this work not as
some additional priniple but as a natural onsequene of the geometrial
approah.
3. Conlusion and final remarks
It is shown that two basi quantum mehanial equations an be in-
terpreted as group-theoretial desriptions of speifi mirosopi distortions
of the spae geometry from the eulidean one. The gauge invariane of ele-
tromagneti field in the hydrogen atom proves not to be some additional
theoretial priniple, but it is a natural onsequene of the basi priniples
of the proposed geometrial interpretation. The real signifiane of the pro-
posed geometrial approah will be, of ourse, lear after its appliation for
handling unsolved physial problems. We are now working in this diretion
and we look forward to the olleagues assistane.
In onlusion, notie one of the possible opportunities. Within the sug-
gested onept, atoms are onsidered as geometrial objets without any
point like partiles (eletrons), and it is hoped that suh objets an be de-
sribed by funtions of one spae-time variable. It, may be, means that the
geometrial desription of many-eletron atoms will give the hane to over-
ome diffiulties of a many-body problem.
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